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Unmanned vehicles are an effective platform for tracking, surveillance, and reconnaissance missions. Existing

control algorithms promote collaboration of unmanned aerial vehicles and other autonomous vehicles. However,

these algorithms often fail to account for the degradation of control performance caused by flowfields. This paper

presents decentralized multivehicle coordination algorithms designed for operation in a spatially or temporally

varying flowfield. Each vehicle is represented using a Newtonian particle traveling at constant speed relative to the

flow and subject to a steering control. An algorithm is described that stabilizes a circular formation in a time-varying

spatially nonuniform flowfield, assuming that the flowfield is known and does not exceed the particle speed relative to

theflow. For a time-varying and spatially uniform flowfield, an algorithm is provided to stabilize a circular formation

in which the temporal spacing between particles is regulated. These algorithms are extended by relaxing the

assumption that the flow is known: each particle dynamically estimates the flow and uses that estimate in the control.

It is shown that including a turning-rate bound does not alter the main results. The theoretical results are supported

by numerical simulations that illustrate the coordinated encirclement of a maneuvering target.

Nomenclature

ck = center of circle traversed by particle k
fk�t� = flow velocity at position rk and time t

f̂k�t� = estimated flow velocity at position rk and time t
i = imaginary unit
K = control gain
l = maximum velocity of a moving target
N = number of particles
P = N � N projector matrix
Pk = kth row of matrix P
rk = position of particle k
r̂k = estimated position of particle k
_rk = inertial velocity of particle k
sk�t� = inertial speed of particle k at time t
T = period of revolution around a circular orbit
uk = angular rate of change of the velocity orientation

relative to the flow of particle k
umax = maximum turn rate
�k = orientation of the inertial velocity of particle k
�k = orientation of the velocity of particle k relative to

the flow
�k = angular rate of change of the inertial-velocity

orientation for particle k
� = turning radius of a moving target
 k = time phase of particle k
!0 = constant angular rate

Subscript

j, k = particle and phase indices, 1; . . . ; N

I. Introduction

AUTONOMOUS vehicles in the air and ocean provide a cost-
effective robust approach for tracking, surveillance, and

reconnaissance missions. A cooperating team of vehicles can
coordinate data collection and provide persistent coverage of con-
tinuous spatiotemporal processes, like environmental fields, or
discrete processes, like moving ground targets. Unmanned platforms
are particularly well suited for multi-agent coordinated missions that
require synoptic area coverage with consistent revisit rates. Many
algorithms are capable of providing decentralized control of multiple
agents with mobility and communication constraints [1–10]. These
algorithms have been adapted for use in a wide variety of appli-
cations, including aerobiological sampling [11], gathering in situ
measurements of severe storms [1], path planning of autonomous
underwater gliders [12], and environmental boundary tracking [13].
A particular application highlighted in this paper is the coordinated
encirclement of a maneuvering target [2–4,14].

One obstacle limiting the performance of existing control
algorithms is the presence of an external flowfield that may represent
a significant fraction of a vehicle’s velocity. Some existing algo-
rithms support operations in spatially uniform flowfields [15,16].
However, the authors are not aware of any existing theoretically
justified motion-coordination algorithms for spatially and tempo-
rally varying flowfields. This problem is partially addressed here by
providing decentralized control algorithms for motion coordination
in amoderate time-varying flowfield (i.e., between 10 and 99%of the
platform speed). This work extends previous work in which
decentralized control algorithms are presented for a time-invariant
flowfield [17,18]. Strong flowfields are not addressed here (i.e.,
having speed greater than the platform speed relative to theflow); this
subject is being studied as part of ongoing research.

This paper builds upon prior research on cooperative control for
autonomous vehicles. Frew et al. showed two vehicles collaborating
to encircle a target while maintaining a constant angular separation
[2]. The separation was preserved with a variable-speed controller
while the distance to the target was regulated by following
Lyapunov-based guidance vector fields. The vector fields steered the
vehicles in a loiter circle at a desired standoff radius. This approach
was expanded by Summers et al., who relaxed the assumption that
the flowfield or target velocity was known and allowed cooperative
control of two or more vehicles [3]. However, a variable-speed
control design has the potential disadvantage of being fuel
inefficient [3].

Constant-speed controllers were provided by Sepulchre et al. for a
flow-free environment, maintaining a uniform separation of vehicles
traveling around a circle using decentralized steering control [6]. In
the absence of a flowfield, the vehicles can be equally spaced in both
space and time. Maintaining an equal angular separation in the
presence of a flowfield may not be possible with a unit-speed vehicle
model. Klein and Morgansen proposed a temporal-spacing control
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for tracking a constant-velocity target [14]; the algorithm placed a
restriction on the number of vehicles in the formation. Kingston
proposed a sliding-mode algorithm that would allow for an unlimited
number of cooperating vehicles to encircle moving targets in a
steady, uniform external flowfield [9]. Paley and Peterson provided a
Lyapunov-based control design to encircle a centroid in a time-
invariant flowfield [18]. Paley et al. [19] and Techy et al. [20] also
showed that stabilization of a circular formation in a flowfield can be
extended to stabilization of a convex loop.

Another approach used to develop decentralized cooperative
control algorithms is to choose vehicle trajectories that optimize
the potential information gain of the system. The total information of
the system is equal to the linear combination of the information of the
individual vehicles. Grocholsky et al. used the information filter
along with decentralized fusion algorithms as a means to guide
vehicles to map out the terrain of an area [21]. Using the Fisher infor-
mation matrix, Ousingsawat and Campbell combined individual
vehicle information in a cost function to determine optimal vehicle
paths for reconnaissance of stationary targets [22]. They used target
clustering and cost bounding to make the algorithm computationally
tractable. Zhou and Roumeliotis extended this approach to track a
moving target with a team of mobile sensors [23]. The sensors
provide range-only measurements and assume constraints on the
vehicle speed. Under these restrictions, they found the optimal
trajectory that minimized position uncertainty for the target.

As in prior work [18], each autonomous vehicle is modeled as a
Newtonian particle that travels at unit speed relative to the flow. The
flowfieldmay be spatially or temporally varying, but its magnitude is
assumed to be less than the speed of the particle. This ensures that
each particle will always maintain forward progress over ground.
The particle is subject to a steering control that is justified using
Lyapunov-based analysis, the invariance principle, and an in-
variancelike principle for nonautonomous systems. (The latter is
invoked in the analysis of the closed-loop particle model with a time-
varying flowfield.)

The steering control is designed to drive the particles into a circular
formation centered on either an arbitrary location or a specific target.
By accounting for target acceleration, one can follow targets as they
execute realistic maneuvers. Additionally, target encirclement is
presented for a time-splay configuration in a time-varying uniform
flowfield. A time-splay configuration regulates the temporal spacing
between particles. Regulating the temporal separation between
particles is a first step toward collision avoidance. However, it does
not guarantee separation of the particles while they transition to the
configuration. Overall collision avoidance is not addressed in this
paper and is left as a future topic of study.

The contribution of this paper is the synthesis of theoretically
justified control algorithms to cooperatively stabilize vehicles to the
following formations: 1) a circular formation in a known spatially
and temporally varying flowfield, 2) a time-splay configuration in a
known time-varying spatially uniform flowfield, and 3) both circular
and time-splay configurations in an estimated flowfield. The known-
flow controller is augmentedwith a dynamic controller that estimates
the flowfield and uses this estimate in the control law. It is also shown
that these controllers operate under a restricted turn rate. Accel-
erating frame dynamics are provided so that the control algorithms
may be applied to encircling maneuvering targets. Simulation results
demonstrate the utility of these control algorithms.

The paper proceeds as follows. Section II examines the
Newtonian-particle model used to describe the motion of a fleet of
autonomous vehicles in an external flowfield. Section III develops
Lyapunov-based circular control algorithms for the particle model in
an external flowfield. Section IV discusses control laws for use in an
external flow when aspects of the flowfield are unknown. Section V
provides algorithms to stabilize circular formations in a spatially
uniform or rotating flowfield with a turn-rate constraint. Section VI
derives the equations of motion for an accelerating frame and
provides performance results for circular configurations in a variety
of flowfields induced in a moving reference frame attached to a
maneuvering target. Section VII summarizes the results and
highlights some ongoing work.

II. Dynamic Model of a Vehicle in a
Time-Varying Flowfield

Each unmanned vehicle is modeled as a planar self-propelled
particle moving at unit speed relative to a spatially and temporally
variable flowfield. This model has been adopted frequently in
previous works for a flow-free environment [5,6]. Each particle is
steered by a control force that is perpendicular to the velocity relative
to the flow. The steering control, denoted by u, is constrained for
many autonomous vehicles. For example, with an unmanned aerial
vehicle (UAV), one factor restricting the steering control is the bank
angle of the aircraft. Since there is a finite limit to the degree towhich
a UAV can bank, the steering control is bounded. To model this
effect, a bound is placed on the turn rate by saturating u.

The positions of N individual particles are denoted as rk, where
k 2 f1; . . . ; Ng. The inertial velocity of the kth particle is denoted by
_rk. The particles do not accelerate tangentially to their path and thus
move with unit velocity ei�k relative to the flowfield. The flowfield at
rk and time t is denoted by fk�t� � f�rk; t�. The equations of motion
for particle k are

_r k � ei�k � fk�t�; _�k � sat�uk; umax� (1)

where umax > 0, and

sat �uk; umax� �
(�umax uk <�umax

uk �umax � uk � umax

umax uk > umax

(2)

For a vehicle with an unbounded turning rate, umax �1, and the
model in Eq. (1) becomes

_r k � ei�k � fk�t�; _�k � uk (3)

Let �k � arg� _rk� equal the orientation of the inertial velocity of the
kth particle and sk�t� � s�t; rk; �k� � j_rkj denote its magnitude. The
particle model without the turn-rate constraint is equivalent to [18]

_r k � sk�t�ei�k ; _�k � �k (4)

where �k is the angular rate of change of the inertial-velocity
orientation. Note that it is required that jfk�t�j< 1 for all k and t to
ensure sk�t�> 0. This assumption guarantees that the particles will
always exhibit forward motion in an inertial reference frame.

Figure 1 illustrates the Newtonian-particle model for an air
vehicle. Figure 1a shows the dynamics in a flowfield; the inertial
velocity is the sumof the velocity relative to theflowplus the velocity
of the flow relative to the inertial (ground fixed) frame. Figure 1b
shows the kth particle in the complex plane. The particle is located at
rk, and its velocity relative to the flow is ei�k . In the presence of a
flowfield fk, the inertial velocity of the particle is _rk � ei�k�
fk � sk�t�ei�k . The steering control is applied in the direction iei�k ,
which is perpendicular to the velocity relative to the flow.

Section III discusses stabilization of circular formations using the
unconstrainedmodel in Eq. (4) in a knownflow. Section IV continues
to use the unconstrained model but relaxes the known-flow
assumption. Section V invokes the turn-rate constraint model in
Eq. (1).

The controller design focuses on obtaining a suitable �k; uk is seen
as the low-level controller used as input for an autonomous vehicle
and should be recoverable from �k. Figure 1 exhibits the following
relationship [18] between �k and �k

‡:

sin �k � sk�t� sin �k � hfk�t�; ii (5)

cos �k � sk�t� cos �k � hfk�t�; 1i (6)

which gives

‡The inner product hx; yi � Ref �xyg is used, where x; y 2 C and �x is the
complex conjugate of x.
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tan �k �
sin �k � hfk�t�; ii
cos �k � hfk�t�; 1i

(7)

Differentiating Eq. (7) with respect to time and substituting in
Eqs. (5) and (6) yields

_�k � �cos �k cos �k � sin �k sin �k�s�1k �t� _�k
� h _fk�t�; iis�1k �t� cos �k � h _fk�t�; 1is�1k �t� sin �k
� �1 � s�1k �t�hei�k ; fk�t�i	uk � s�1k �t�hiei�k ; _fk�t�i≜ �k (8)

with

_f k�t� �
@fk
@rk

_rk �
@fk
@t

(9)

Solving for uk�t� provides the steering control as a function of �k:

uk�t� �
sk�t��k � hiei�k ; _fk�t�i
sk�t� � hei�k ; fk�t�i

(10)

The preceding equation is well defined everywhere, because the
denominator satisfies [18]

sk�t� � hei�k ; fk�t�i 
 sk�t� � jfk�t�j> 0

In the following examples, sk�t� and uk�t� are calculated for a time-
varying spatially uniform flowfield and a time-varying spatially
nonuniform flowfield.

For a time-varying spatially uniform flowfield, let a uniform flow
be defined as f�t� � ��t�ei��t�, where ��t� is the magnitude of the
flow and ��t� is the direction. The k subscript is dropped from f�t�
since a uniform flow at time t is identical for all particles. It is
assumed that j��t�j< 1 for all t to ensure that sk�t�> 0. The inertial
speed is

sk�t� �
����������������������������������������������������������������������������������
Ref���t�ei��t� � ei�k 	���t�e�i��t� � e�i�k 	g

q
�

�������������������������������������������������������������������������������������������������������
1� ���t�	2 � 2��t��cos �k cos��t� � sin �k sin��t�	

p
(11)

where sk�t� is expressed as a function of �k and f�t� by substituting
Eqs. (5) and (6) into Eq. (11) and rearranging the result to obtain the
quadratic equation

�sk�t�	2 � 2��t��cos �k cos��t� � sin �k sin��t�	sk�t�
� ���t�	2 � 1� 0 (12)

Equation (12) has the following solution (using the positive root,
since sk�t�> 0):

sk�t� � ��t��cos �k cos��t� � sin �k sin��t�	

�
�����������������������������������������������������������������������������������������������������
1� ���t�	2��cos �k cos��t� � sin �k sin��t��2 � 1	

p
� hei�k ; f�t�i �

����������������������������������
1 � hiei�k ; f�t�i2

p
(13)

By substituting f�t� � ��t�ei��t� and _f�t� � _��t�ei��t��
i��t� _��t�ei��t� into Eq. (10), uk�t� is found to be

uk�t��
�ksk�t�� _��t� sin��k � ��t�	 � ��t� _��t�cos��k � ��t�	

sk�t� � ��t� cos��k � ��t�	
(14)

This calculation shows that, in order to use �k to compute the turn-
rate control uk in a time-varying flowfield, the following variables
need to be known: 1) themagnitude of theflowfield��t�, 2) the rate of
change of the flowfield _��t�, and 3) the difference between the
direction of the flow and the orientation of the inertial velocity,
�k � ��t�.

For the example of a time-varying spatially nonuniform flowfield,
let fk�t� � �k�t� � i�k�t�, where �k�t� � ��t; rk� and �k�t� �
��t; rk� are the real and imaginary components of the flowfield at rk.
Computing sk�t� yields

sk�t� �
�����������������������������������������������������������������������������������������������������
Ref�ei�k � �k�t� � i�k�t�	�e�i�k � �k�t� � i�k�t�	g

q
�

�����������������������������������������������������������������������������������������������������������������������
1 � ��k�t�	2 � ��k�t�	2 � 2sk�t���k�t� sin �k � �k�t� cos �k�

p
(15)

Next, sk�t� is expressed as a function of �k and fk�t�. Squaring both
sides of Eq. (15) and solving the resulting quadratic equation (using
the positive root since sk�t�> 0) gives

sk�t� � �k�t� sin �k � �k�t� cos �k
�

�����������������������������������������������������������������
1 � ��k�t� cos �k � �k�t� sin �k	2

p
� hei�k ; fk�t�i

�
������������������������������������
1 � hiei�k ; fk�t�i2

p
(16)

To solve for uk�t�, let the position of particle k be rk � xk � iyk.
The time derivative of fk�t� is

_f k�t� �
@�k
@xk

_xk �
@�k
@yk

_yk �
@�k
@t
� i
�
@�k
@xk

_xk �
@�k
@yk

_yk �
@�k
@t

�

Substituting _fk�t� into Eq. (10) yields

uk�t� �
�ksk�t� � sin �k��@�k=@xk� _xk � �@�k=@yk� _yk � �@�k=@t�	 � cos �k��@�k=@xk� _xk � �@�k=@yk� _yk � �@�k=@t�	

sk�t� � �k�t� cos �k � �k�t� sin �k
(17)

a) b)
Fig. 1 The inertial velocity of a particle is the sum of the flow velocity relative to the ground and the velocity of the particle relative to the flow.
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Thus, given the control �k, the orientation of the inertial velocity �k,

the flowfield fk�t�, and the directional derivative _fk�t�, one can solve
for uk, which is the control input to the vehicle model in Eq. (1).

III. Stabilization of a Circular Formation in a
Known Flowfield

This section provides decentralized control laws that stabilize a
circular formation in a time-varying flowfield. For now, the turning
rate constraint is relaxed and it is assumed that the flow is known.
Section III.A provides a control law for the model in Eq. (3) to
stabilize a circular formation about an arbitrary point in a spatially
nonuniform flowfield. In Sec. III.B, a symmetry-breaking virtual
particle is introduced that allows the formation center to be specified.
The latter algorithm enables the particles to follow a constant-
velocity target. (A method is presented to follow a maneuvering
target in Sec. VI.) Finally, in Sec. III.C, a circular-formation control
law is provided that regulates the temporal spacing of the particles in
a spatially uniform flowfield.

A. Circular Formation with an Arbitrary Center

A control law is developed that drives the particles into a circular
formation about an arbitrary, fixed point. All of the particles in the
circular formation travel in the same direction. In the case of a flow-
free environment, setting uk equal to a constant !0 will drive the
particles about a fixed center point with radius j!0j�1. In themodel in
Eq. (3), the center of a circular trajectory is [18]:

ck ≜ rk � !�10 i
_rk
j _rkj
� rk � !�10 iei�k (18)

By differentiating Eq. (18) with respect to time, a steering control �k
is derived that drives a single particle around a circle in a time-
varying flow. This gives

_c k�t� � sk�t�ei�k � !�10 ei�k�k � �sk�t� � !�10 �k�ei�k (19)

Equation (19) with �k � !0sk�t� ensures _ck � 0, which implies the
center is fixed. Particle k will traverse a circle with constant radius
j!0j�1 � jck�0� � rk�0�j.

Next, a steering control is proposed that drives all particles to
orbit the same center point in the same direction. Let

1≜ �1; . . . ; 1�T 2 RN . In a circular formation, ck � cj for all pairs
j and k, which implies the condition Pc� 0 [6], where P is the
N � N projection matrix:

P� diagf1g � 1

N
11T (20)

This matrix is equivalent to the Laplacian matrix of an all-to-all
communication topology [24]. (Since the intent of this paper is to
focus on the time-varying aspect of the flowfield, all-to-all
communication is assumed even though it is possible to relax this
constraint to a topology with limited communication [7].)

Following prior work, choose the Lyapunov function [6]

S�r;��≜ 1

2
hc; Pci (21)

where r, �, and c are the vector representations of the particle’s
inertial positions, orientations, and circular trajectory centers,
respectively. Note that S is positive definite in the reduced space of
relative centers. It is equal to zero only when c� c01 for some
c0 2 C.

The time derivative of S along solutions of Eq. (4) is

_S�
XN
k�1
h _ck; Pkci �

XN
k�1
hei�k ; Pkci�sk�t� � !�10 �k� (22)

where Pk is the kth row of the projection matrix P.
The following theorem extends [18] [Theorem 3] to incorporate a

time-varying flowfield.
Theorem 1. Let fk�t� � f�rk; t�, such that jfk�t�j< 1 8 k; t.

Choosing the control

�k � !0�sk�t� � KhPkc; ei�ki�; K > 0; !0 ≠ 0 (23)

forces uniform convergence of solutions of themodel in Eq. (4) to the
set of circular formations with radius j!0j�1 and the direction
determined by the sign of !0.

Proof. The potential S�r;�� is radially unbounded and positive
definite in the (complex) codimension one reduced space of relative
centers. Under the control in Eq. (23), the time derivative of S along
with solutions to Eq. (4) is

_S��K
XN
k�1
hPkc; ei�ki2 � 0

According to an invariancelike theorem for nonautonomous systems
([25], Theorem 8.4), the solutions of Eq. (4) with the control in

Eq. (23) converge to the set f _S� 0g in which

hPkc; ei�ki � 0; 8 k (24)

In this set, the control in Eq. (23) evaluates to �k � !0sk�t� and
_ck � 0, which implies each particle traverses a circle with a fixed
center. Therefore, Pkc is constant and must be zero for Eq. (24) to
hold. Since the null space of P is spanned by 1, then Eq. (24) is
satisfied only when Pc� 0, which implies ck � cj 8 k; j. S
decreases over the interval �t; t� 		 8 t 
 0, for some 	 > 0, which
implies the set of circular formations with radius j!0j�1 is uniformly
asymptotically stable ([25], Theorem 8.5). □

Figure 2 illustrates Theorem 1 for a time-varying spatially
nonuniform flowfield. It shows the convergence ofN � 5 particles to
a circular formation for which the center was determined by initial
conditions. The flowfield is generated by the periodic function
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Fig. 2 Stabilization of a circular formation with an arbitrary center in a time-varying spatially nonuniform flowfield.
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fk�t� � a�t��sin�2
!xk � ’0� � i cos�2
!yk � ’0�	

where a�t� � 0:75 sin�10t�, !� 1, and ’0 � 10.

B. Circular Formation with a Prescribed Center

Under the control in Eq. (23), the center of the circular formation
depends only on the flowfield and the initial conditions of the
particles. By introducing a virtual particle (indexed by k� 0) and
choosing initial conditions r0�0� and �0�0�, a center point for the
formation is prescribed to be c0�0� � r0�0� � i!�10 ei�0�0�. Thevirtual
particle has the dynamics r0�t� � s0�t�ei�0 and _�0 � s0�t�!0, which
implies c0�t� � c0�0� by Eq. (19). This makes possible applications
such as encirclement of a moving target, where the formation needs
to be directed to a specific location that may be moving with
piecewise-constant velocity.

Consider the augmented potential ~S�r;�� � S�r;�� � S0�r;��
[7], where

S0�r;�� �
1

2

XN
k�1

ak0jck � c0j2 (25)

ak0 � 1 if particle k is informed of the reference center, and ak0 � 0
otherwise. The time derivative of Eq. (25) is

_~S�
XN
k�1
�hei�k ; Pkci � ak0hei�k ; ck � c0i��sk�t� � !�10 �k	 (26)

The following theorem extends ([18] Corollary 3) to incorporate a
time-varying flowfield.

Theorem 2. Let fk�t� � f�rk; t� satisfy jfk�t�j< 1 8 k; t.
Choosing the control

�k � !0�sk�t� � K�hei�k ; Pkci � ak0hei�k ; ck � c0i�	
K > 0; !0 ≠ 0 (27)

where ak0 � 1 for at least one k 2 1; . . . ; N, and zero otherwise,
forces uniform convergence of all solutions of themodel in Eq. (4) to
the set of circular formations centered on c0 with radius j!0j�1 and
direction determined by the sign of !0.

Proof. The time derivative of the augmented potential ~S�r;��
satisfies

_~S��K
XN
k�1
�hei�k ; Pkci � ak0hei�k ; ck � c0i�2 � 0

By an invariancelike principle for nonautonomous systems ([25],

Theorem 8.4), solutions of Eq. (4) converge to the set f _~S� 0g in
which

hei�k ; Pkci � ak0hei�k ; ck � c0i � 0 8 k (28)

If there exists a j such that aj0 � 0, then Eq. (28) reduces to
hei�j ; Pjci and the control in Eq. (27) becomes �j � !0sj�t�.
Following the proof of Theorem 1, Eq. (28) holds only when ck � cj
for all pairs k and j. For the informed particles where ak0 � 1,
Eq. (28) becomes

hei�k ; ck � c0i � 0 (29)

This condition is satisfied only if ck � c0, ensuring that all particles
will converge to a circular formation around the prescribed center c0.
The case of ak0 � 1 8 k is addressed in [18] (Corollary 1). The rest
of the proof follows from the proof of Theorem 1. □

The numerical results of this control are illustrated in Sec. VI.

C. Time-Splay Circular Formation

In this section, a control algorithm is derived to stabilize a circular
formation in which the temporal spacing between particles is
regulated. Because all particles are traveling at unit speed relative to

the flowfield, the spatial separation between particles may not be
controllable. However, the temporal spacing between particles can
be adjusted to ensure that any point along the vehicle’s trajectory has
a consistent revisit rate. A spatially uniform flowfield is assumed to
be of the form f�t� � �0ei�t, in which the magnitude �0 is constant
and the direction ��t� ��t rotates at a constant rate �. (Such a
flowfield arises in a reference frame fixed to a constant-speed target
that turns at a constant rate.)

Equation (19) shows that �k � !0sk�t� drives particle k in a fixed
circle of radius j!0j�1. Consider the change of variables � 0k�
�k ��t, which implies

_� 0k � _�k ��� !0sk�t� �� (30)

Using Eq. (13), the following expression for sk�t� is obtained, which
depends on � 0k instead of time:

sk�t� � s�� 0k� � �0 cos � 0k �
������������������������������
�1 � �20sin2� 0k�

q
(31)

For the ensuing calculations to be nonsingular, it is required that
Eq. (30) not have a fixed point, as ensured by the following lemma.

Lemma 1. Choosing

j!0j>
sgn�!0��
1 � j�0j

or j!0j<
sgn�!0��
1� j�0j

(32)

ensures that the equation does not have a fixed point.
Proof. Requiring !0sk�t� �� ≠ 0 implies

min
� 0
k

s�� 0k�>
�

!0

(33)

or

max
� 0
k

s�� 0k�<
�

!0

(34)

The minimum of s�� 0k� in Eq. (31) is s�� 0k� � 1 � j�0j, which occurs
at � 0k � 
 if �0 > 0 and � 0k � 0 if �0 < 0. Substituting s�� 0k� � 1 �
j�0j into Eq. (33) yields j!0j> sgn�!0��=�1 � j�0j�. The maximum
of s�� 0k� in Eq. (31) is s�� 0k� � 1� j�0j, which occurs at � 0k � 0 if
�0 > 0 and � 0k � 
 if �0 < 0. Substituting s�� 0k� � 1� j�0j into
Eq. (34) yields sgn�!0�j!0j<�=�1� j�0j�. Therefore, placing the
conditions in Eq. (32) on j!0j ensures that Eq. (30) will not have a
fixed point. □

Integrating Eq. (30) by separation of variables yields

t�
Z
� 0
k
�t�

0

d� 0

!0s�� 0� ��
(35)

A time-phase variable is introduced to regulate the time separation
of the N particles [18]. The time phase for a time-varying uniform
flow f�t� � �0ei�t is

 k ≜
2


T

Z
�0
k
�t�

0

d� 0

!0s�� 0� ��
(36)

where the period of a single revolution T is

T �
Z

2


0

d� 0

!0s�� 0� ��
(37)

The time derivative of Eq. (36) is

_ k �
2


T

�k ��

!0sk�t� ��
(38)

Choosing !0 to satisfy Eq. (32) ensures _ k is nonsingular by
Lemma 1. Note that Eq. (38) implies that the control �k � !0sk�t�
yields a constant time-phase rate, _ k � 2
=T. To stabilize a circular
formation in which the relative time phases are regulated, a phase
potential is added to the Lyapunov function. The composite potential
is [6]
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V�r;�� � S�r;�� � T

2

U� � (39)

The phase potential U� � is a smooth function satisfying the
rotational symmetry property U� �  01� �U� �, which implies
[6]

XN
k�1

@U

@ k
� 0 (40)

Using Eqs. (38) and (40) gives the following time derivative of the
potential Eq. (39):

_V �
XN
k�1
hei�k ; Pkci�sk�t� � !�10 �k	 �

T

2


@U

@ k
_ k

�
XN
k�1

�
sk�t�hei�k ; Pkci �

@U

@ k

!0sk�t�
!0sk�t� ��

��
!0sk�t� � �k
!0sk�t�

�
(41)

The following theorem extends [18] (Theorem 5) to incorporate a
spatially invariant time-varying flowfield.

Theorem 3. Let f�t� � �0ei�t be a spatially invariant flowfield
satisfying the condition j�0j< 1 8 t. Also, let U� � be a smooth,
rotationally symmetric phase potential. Choosing the control

�k � !0sk�t�
�
1� K

�
sk�t�hei�k ; Pkci �

@U

@ k

!0sk�t�
!0sk�t� ��

��
K > 0 (42)

where !0 ≠ 0, satisfies the constraint in Lemma 1, stabilizes a
circular formation with radius j!0j�1 and a direction determined by
the sign of!0, in which the time-phase arrangement is a critical point
of U� �.

Proof. Using the control in Eq. (42) with the potential in Eq. (41)
yields

_V ��K
XN
k�1

�
�sk�t�	2hei�k ; Pkci2 � 2

@U

@ k

!0sk�t�
!0sk�t� ��

hei�k ; Pkci

�
�
@U

@ k

!0sk�t�
!0sk�t� ��

�
2
�
��K

XN
k�1

�
sk�t�hei�k ; Pkci

�
�
@U

@ k

!0sk�t�
!0sk�t� ��

��
2

� 0 (43)

By an invariancelike principle ([25], Theorem 8.4), the solutions of

Eq. (4) converge to the set f _V � 0g for which

sk�t�hei�k ; Pkci �
@U

@ k

!0sk�t�
!0sk�t� ��

� 0 (44)

for k� 1; . . . ; N. By Eq. (42), in this set, �k � !0sk�t�. Thus each
particle travels around a circle with a fixed center and radius j!0j�1.

Also, _ k � 2
=T, which implies thatU� � is constant [by Eq. (40)]
and @U=@ k � 0 8 k. The constraint in Eq. (44) reduces to

hei�k ; Pkci � 0 (45)

The rest of the proof follows the proof of Theorem 1. □

Theorem 3 establishes convergence to a critical point of a
rotationally symmetric potential U� �. As an example, consider a
potential for which the minimum corresponds to a time-splay
formation [18] in which all of the relative time phases between
consecutive particles around the formation are equal to 2
=N:

U�M;N�� � �
XM
m�1

KmUm (46)

where

Um� � �
N

2
jpm j2; pm ≜

1

mN

XN
k�1

eim k

renders the set of time-splay formations uniformly asymptotically
stable, since they are the absolute minimum ofU�M;N� whenM� N.
Note that Km > 0 for m� 1; . . . ; N � 1, and KN < 0.

Figure 3 illustrates Theorem 3, showing N � 5 particles as they
converge to a time-splay configuration for a time-varying spatially
uniform flowfield of the form f�t� � �0ei�t. Setting parameters
�0 � 0:5 and �� 0:01 and choosing !0 � 0:1 ensures that the
constraint in Lemma 1 is satisfied. Figure 3a shows the particles as
they initially converge to a circle. Figure 3b shows the particles at
time t� 2000 after they have converged to a circular formation and
an equal temporal spacing. (The particles have unequal spatial
separation, because they travel slower when moving against the
flowfield and faster when moving with the flowfield.) The clustering
of particles in the slower-speed region ensures equal temporal
spacing. Figure 3c shows convergence of the relative time phases
of sequential particles to 2
=N, indicative of a time-splay
configuration.

Introducing a virtual particle, as in the previous section, enables
the center of the time-splay formation to be prescribed, as described
in the following corollary.

Corollary 1. Let f�t� � �0ei�t be a spatially invariant flowfield
satisfying the condition j�0j< 1 8 t. Also, let U� � be a smooth,
rotationally symmetric phase potential. Choosing the control

�k � !0sk�t�
�
1� K

�
sk�t��hei�k ; Pkci � ak0hei�k ; ck � c0i�

� @U
@ k

!0sk�t�
!0sk�t� ��

��
; K > 0 (47)

where !0 ≠ 0 satisfies the constraint in Lemma 1 and ak0 � 1 for at
least one k 2 1; . . . ; N, and zero otherwise, stabilizes the set of
circular formations centered on c0 with radius j!0j�1 and a direction
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Fig. 3 Stabilization of a time-splay formation with an arbitrary center in a time-varying spatially uniform flowfield.
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determined by the sign of!0, in which the time-phase arrangement is
a critical point of U� �.

IV. Stabilization of a Circular Formation in an
Estimated Flowfield

This section introduces control laws that stabilize a circular
formation in an estimated uniform flowfield for which the direction
may be rotating in time. Sections IV.A and IV.B present methods to
stabilize circular formations with an arbitrary or prescribed center
point in a uniform time-invariant flowfield. In Sec. IV.C, a time-splay
formation is stabilized in a uniform, rotating flow. It is assumed that
each particle knows its measured position rk and orientation �k,
although a dynamic estimate of position r̂k is used to estimate the
flow.

With the estimated flow, f̂k�t� � f̂�t; rk�, the estimated inertial
velocity obeys

_̂r k � ŝk�t�ei�̂k ; _̂�k � �k (48)

where ŝk�t� and �̂k are the magnitude and phase, respectively, of the
estimated inertial velocity for particle k.

A. Circular Formation with an Arbitrary Center

In this section, a control law is developed to drive particles in a
circular formation about an arbitrary,fixed point in the presence of an
estimated, uniform, time-invariant flowfield. The control law works
by dynamically estimating the flow and using the estimate in the
control law.

Let e1;k � r̂k � rk and e2;k � f̂k � fk denote the estimation errors
for particle k. Consider the estimator dynamics

_̂r k � ei�k � f̂k � K1�r̂k � rk�;
_̂
fk ��K2�r̂k � rk� (49)

This yields

_e 1;k � ei�k � f̂k � K1�r̂k � rk� � ei�k � fk ��K1e1;k � e2;k
_e2;k ��K2�r̂k � rk� � �K2e1;k

In matrix form, the estimator dynamics for particle k are

_e1;k
_e2;k

� �
� �K1 1

�K2 0

� �
|������{z������}

≜A

e1;k
e2;k

� �
(50)

Lemma2. Choosing gainsK2 > 0 andK1 � 2
������
K2

p
> 0 in the error

dynamics of Eq. (50) exponentially stabilizes the origin
e1;k � e2;k � 0 8 k.

Proof. The eigenvalues of A are �� ��K1 �
��������������������
K2

1 � 4K2

p
�=2.

Choosing K1 � 2
������
K2

p
results in ���K1 with multiplicity two. □

The following is a result of Lemma 2.
Lemma3. ThematrixA defined inEq. (50) is negative definite, and

the quadratic form

Qk�A� � e1;k e2;k
	 
 �K1 1

�K2 0

" #
e1;k

e2;k

" #

��K1e
2
1;k � K2e1;ke2;k � e1;ke2;k � 0 (51)

is equal to zero only when e1;k � e2;k � 0 for k 2 f1; . . . ; Ng.
Let ĉk be the estimated center,

ĉ k � r̂k � !�10 iei�̂k (52)

and consider the candidate Lyapunov function

Ŝ�r̂; �̂�≜ 1
2
hĉ; Pĉi � 1

2
�ke1k2 � ke2k2� (53)

where e1 � �e1;1; e1;2; . . . ; e1;N 	T , e2 � �e2;1; e2;2; . . . ; e2;N 	T , and ĉ
is the vector of center points defined by Eq. (52). Ŝ is equal to zero

when ĉ� c01, c0 2 C, and all estimation errors are zero. The time

derivative of Ŝ along the solutions of Eqs. (48) and (50) is

_̂
S�

XN
k�1
�h _̂ck; Pkĉi � _e1;ke1;k � _e2;ke2;k� �

XN
k�1

�
hei�̂k ; Pkĉi�ŝk�t�

� !�10 �k	 � e1;k��K1e1;k � e2;k� � e2;k��K2e1;k�|�������������������������������{z�������������������������������}
�Qk�A�

�
(54)

The following theorem extends Theorem 1 to the case of an
estimated, uniform, time-invariant flowfield.

Theorem4. Let fk�t� � � 2 R, where j�j< 1 is an unknown time-

invariant flowfield. Also, let r̂k and f̂k evolve according to Eq. (49)
with K2 > 0 and K1 � 2

������
K2

p
. Choosing the control

�k � !0�ŝk�t� � KhPkĉ; ei�̂ki	; K > 0 (55)

forces convergence of solutions of themodel in Eq. (48) to the set of a
circular formations with radius j!0j�1 and a direction determined by
the sign of !0.

Proof. Substituting Eq. (55) into Eq. (54) shows that the time

derivative of the potential Ŝ�r̂; �̂� satisfies

_̂
S�

XN
k�1
��KhPkĉ; ei�̂ki2 �Qk�A�	 � 0 (56)

Using the invariance principle, all of the solutions of Eq. (4) with the
controller in Eq. (55) converge to the largest invariant set, where

� KhPkĉ; ei�̂ki2 �Qk�A� � 0 8 k (57)

By Lemma 3, the condition in Eq. (57) is satisfied only when both
Qk�A� � 0 and hPkĉ; ei�̂ki � 0 independently. Qk�A� � 0 implies

that the estimated values r̂k and f̂k equal the measured values rk and

fk. Values �̂k and ŝk�t� are functions of f̂k and �k. This implies that �̂k
and ŝk�t� approach their measured values and, by Eq. (52), ĉk
converges to ck. The condition, hPkĉ; ei�̂ki � 0 is satisfied for all k
onlywhenPkĉ is constant and equal to zero. Since the null space ofP
is spanned by 1, this implies ĉk � ĉj 8 k; j . In this set, the control
in Eq. (55) evaluates to �k � !0ŝk�t� and _̂ck � 0, which implies that
each particle converges to circular motion around the same fixed
center. □

B. Circular Formation with a Prescribed Center

Under the control in Eq. (55), the center of the circular formation
depends only on the initial conditions of the particles and the
flowfield. As with the case of the known flowfield, introducing a
symmetry-breaking virtual particle (indexed by k� 0) will prescribe
a center point for the formation. Consider the augmented potential
~S�r̂; �̂� � Ŝ�r̂; �̂� � S0�r̂; �̂�, where

S0�r̂; �̂� �
1

2

XN
j�1

aj0jĉj � c0j2 (58)

and ĉk is defined by Eq. (52). Taking the time derivative of Eq. (58)
along the solutions of Eqs. (48) and (50) gives

_~S�
XN
j�1

�
�hei�̂j ; Pjĉi � aj0hei�̂j ; ĉj � c0i��ŝj�t� � !�10 �j	

� e1;j��K1e1;j � e2;j� � e2;j��K2e1;j�|�������������������������������{z�������������������������������}
�Qj�A�

�
(59)

Theorem5. Let fk�t� � � 2 R, where j�j< 1 is an unknown time-

invariant flow. Also, let r̂k and f̂k evolve according to Eq. (49) with
K2 > 0 and K1 � 2

������
K2

p
. Choosing the control
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�k � !0�ŝk�t� � K�hei�̂k ; Pkĉi � ak0hei�̂k ; ĉk � c0i�	; K > 0

(60)

forces convergence of the solutions of the model in Eq. (48) to the set
of circular formations centered at c0 with radius j!0j�1 and direction
determined by the sign of !0.

The proof of this theorem is omitted for brevity.
Figure 4 illustrates Theorem 5 with estimator gains K2 � 0:2 and

K1 � 2
������
K2

p
� 0:894 and a uniform flowfield f��0:8. Figures 4a

and 4b show tracks of the estimated (darker track) and actual (lighter
track) particle positions at 20 and 1000 s, respectively, as they
converge to a circular formation about the prescribed center point,
c0 � 0. Figure 4c shows convergence to zero of estimator errors in
the position and the flow for particle k� 3.

C. Time-Splay Formation with a Rotating Flowfield

In this section, a control law is derived to stabilize particles to a
time-splay formation in an estimated, spatially invariant, rotating
flowfield. (A rotatingflowfield is defined to be a uniformflowfield for
which the direction is rotating in time.)Without speed control, it may
not be possible to regulate the spatial separation of particles, but it is
possible to regulate the temporal separation in an estimated flowfield,
as shown next.

Given a uniform time-varying flowfield f�t� � �0ei�t, choose
e1;k � r̂k � rk and e2;k � f̂k�t� � fk�t�. The rotational rate � is
assumed to be known; the flow speed �0 and initial orientation are
unknown. Consider the estimator dynamics

_̂rk � ei�k � f̂k�t� � K1�r̂k � rk�
_̂
fk ��K2�r̂k � rk� ��if̂k�t� (61)

Taking the derivative of the error and plugging in Eq. (61) yields

_e1;k � ei�k � f̂k � K1�r̂k � rk� � ei�k � fk�t� � �K1e1;k � e2;k
_e2;k ��K2e1;k ��ie2;k

The estimator dynamics for particle k are

_e1;k
_e2;k

� �
� �K1 1

�K2 �i

� �
|��������{z��������}

≜B

e1;k
e2;k

� �
(62)

Lemma 4. Choosing gainsK1 > j�j andK2 � �K2
1 ��2�=4 in the

error dynamics of Eq. (62) that exponentially stabilize the origin
e1;k � e2;k � 0 for k� �1; . . . ; N	.

Proof. The real parts of the eigenvalues ofB (see Appendix A) are

Re��� � �K1

2

�

���������������������������������������������������������������������������������������������������������������������������������������������������������������������
�K2

1 ��2 � 4K2�2 � 4K2
1�

2
p

� �K2
1 ��2 � 4K2�

q
2

���
2
p (63)

Letting K1 > j�j and K2 � �K2
1 ��2�=4 result in Re����

��K1 �
����������
K1�
p

�=2. K1 > j�j, which implies Re���< 0. □

The following result is a consequence of Lemma 4.
Lemma 5. Matrix B, defined in Eq. (62), is negative definite, and

the quadratic form

Qk�B�≜ e1;k e2;k
	 
 �K1 1

�K2 �i

" #
e1;k

e2;k

" #
��K1e

2
1;k �K2e1;ke2;k

� e1;ke2;k��ie22;k � 0 (64)

is only equal to zero when e1;k � e2;k � 0 8 k .
The estimator dynamics in Eq. (62) are used to stabilize a time-

splay formation for a flowfield with a known rotation rate ��t�.
Consider the Lyapunov function

V̂�r̂; �̂� � 1

2
hĉ; Pĉi � T

2

U� ̂� � 1

2
�ke1k2 � ke2k2� (65)

where ĉ is the vector of estimated center points defined by Eq. (52).
Taking the time derivative along solutions of Eqs. (48) and (62)
yields

_̂
V �

XN
k�1

��
ŝk�t�hei�̂k ; Pkĉi �

@U

@ ̂k

!0ŝk�t�
!0ŝk�t� ��

��
!0ŝk�t� � �k
!0ŝk�t�

�

� e1;k��K1e1;k � e2;k� � e2;k��K2e1;k ��ie2;k�|�����������������������������������������{z�����������������������������������������}
�Qk�B�

�
(66)

The following result extends Theorem 3 to incorporate an
estimated, spatially invariant, rotating flow.

Theorem 6. Let f�t� � �0ei�t be an unknown spatially invariant

flowfield satisfying the condition j�0j< 1 8 t. Also, letU� ̂� be a
smooth, rotationally symmetric phase potential. Let r̂k and f̂k evolve
according to Eq. (61) with K1 > j�j and K2 � �K2

1 ��2�=4.
Choosing the control

�k � !0ŝk�t�
�
1� K

�
ŝk�t�hei�̂k ; Pkĉi �

@U

@ ̂k

!0ŝk�t�
!0ŝk�t� ��

��
K > 0 (67)

where!0 ≠ 0 satisfies the constraint in Lemma 1, stabilizes the set of
circular formations with radius j!0j�1 and the direction determined
by the sign of !0, in which the time-phase arrangement is a critical

point of U� ̂�.
Proof. Using the control in Eq. (67) with the potential in Eq. (66)

yields
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Fig. 4 Stabilization of circular formation in uniform flowfield f ��0:8 with a prescribed center point c0 � 0.
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_̂
V �

XN
k�1

�
�K

�
ŝk�t�hei�̂k ; Pkĉi �

�
@U

@ ̂k

!0ŝk�t�
!0ŝk�t� ��

��
2

�Qk�B�
�
� 0

By an invariancelike principle ([25], Theorem 8.4), the solutions of

Eq. (4) converge to the set f _̂V � 0g for which

� K
�
ŝk�t�hei�̂k ; Pkĉi �

@U

@ ̂k

!0ŝk�t�
!0ŝk�t� ��

�
2

�Qk�B� � 0; 8 k

(68)

According to Lemma 5, both terms in Eq. (68) must equal zero and

Qk�B� � 0 only when the estimated r̂k and f̂k values have converged
to their corresponding measured values. The convergence of these
estimated values along with the known value �k also implies that
ŝk�t�, �̂k, and ĉk converge to their measured values. The rest of the
proof follows from the proofs of Theorems 3 and 4. □

Figure 5 illustrates Theorem 6. The simulation uses estimator
gains K1 � 0:1 and K2 � �K2

1 ��2�=4. The rotating flowfield
parameters are �� 0:5, ���0:01, and !0 � :1, which satisfy
Lemma 1. Figures 5a and 5b show tracks of the estimated (darker
track) and actual (lighter track) particle positions at 20 and 3000 s,
respectively, as they converge to a time-splay formation about the
prescribed center point, c0 � 0. Figure 5c shows convergence of the
estimator errors to zero for a single particle, k� 3. The initial
conditions for all particles are set randomly. In this simulation, the
initial estimated flowfield for particle k� 3 started in the opposite
direction as the actual flowfield causing the measured and estimated
positions to temporarily diverge, as seen by the peak in Fig. 5c.

V. Motion Coordination with a Turn-Rate Constraint

Physical restrictions on an autonomous vehicle often constrain the
turn-rate control thatmay be applied to a system. InUAVs, a turn-rate
constraint can result from the aircraft’s maximum bank angle [26]. In
the previous sections, this bound was relaxed, allowing for
potentially unlimited turn-rate control. In this section, it is shown that
the previous results are valid evenwhen there is a turn-rate constraint;
the constraint imposes a lower bound on the feasible radius of a
circular formation in a flowfield.

In terms of the inertial speed sk�t� and orientation �k, the model in
Eq. (1) is equivalent to

_r k � sk�t�ei�k ; _�k � sat��k; �max� (69)

where �max ≜ �k�umax� is a constraint on the steering control induced
by the saturation on uk. The relationship between �max and umax is
defined in Sec. V.A for a uniform time-invariant flowfield and in
Sec. V.B for a uniform, rotating flowfield.

A. Turn-Rate Constraint in a Uniform Time-Invariant Flowfield

The following result establishes the maximum required turn rate
for a particle to travel in a circle about afixed center in a uniform time-
invariant flowfield. (Because of the flow, the turn rate changes as the
particle travels around the circle.)

Lemma 6. Consider the circular motion with radius j!0j�1 of a
particle in a steady flow fk � � 2 R. The maximum required turn
rate is

umax ≜max
�k
u��k� � j!0j�1� j�j�2 > 0 (70)

The maximum steering control is

�max ≜ ��umax� � j!0j�1� j�j� (71)

Proof. Consider the particle model in Eq. (1). For a uniform time-
invariant flowfield �, the turn-rate control uk can be determined from
Eq. (14) to be

uk �
�k

1 � �s�1k �t� cos �k
(72)

Given a circular control �k � !0sk�t� with inertial speed

sk�t� � � cos �k � �1 � �2sin2�k�1=2 (73)

the turn rate in Eq. (72) is

uk � u��k� �
!0�� cos �k � �1 � �2sin2�k�1=2	2

�1 � �2sin2�k�1=2
(74)

The maximum turn rate

umax �max
�k
u��k� � j!0j�1� j�j�2 (75)

occurs when sin �k � 0 and � cos �k � j�j; that is, �k � 0 if � < 0 or
�k � 
 if � > 0. Under these conditions, Eq. (73) becomes
sk�t� � 1� j�j. The controller �k is bounded through its relationship
to umax. Substituting sk�t� � 1� j�j and Eq. (75) into Eq. (72) gives

�max ≜ ��umax� �
umax

�1� j�j�2 � j!0j�1� j�j� (76)

□

Figure 6a shows the maximum turn rate umax as a function of the
formation radius j!0j�1 for �� 0:75. (The maximum turn rate is the
value necessary to maintain a circular formation of radius j!0j�1
given a spatially uniform flow �.) Figure 6b plots the turn rate for a
single particle initialized with a random position and velocity as it
converges under control �k � !0sk�t� to a circle of radius
j!0j�1 � 10. Note that the particle stays at or below the maximum
turn rate as it maintains a circle of the prescribed radius. The
following result shows that, even if the steering control is saturated,
the circular-formation control law is still justified.
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Theorem 7. Consider the model in Eq. (69) with fk � � 2 R,
umax > 0, and �max � �k�umax�. If !0 satisfies

j!0j<
umax

�1� j�j�2 (77)

then the control in Eq. (23) forces convergence of all particles to the
set of circular formations with radius j!0j�1 and the direction
determined by the sign of !0.

Proof. Consider the Lyapunov function

V � 1
2
hc; Pci (78)

The time derivative of V along the solutions of Eq. (69) is

_V �
XN
k�1
hPkc; ei�ki�sk�t� � !�10 �k	 (79)

Using the control in Eq. (23), observe that

hei�k ; Pkci �
�k � sk�t�!0

K!0

(80)

which implies

_V ��
XN
k�1

�sk�t� � !�10 �k	2
K

�� 1

K!2
0

XN
k�1

�!0sk�t� � �k	2
K

� 0 8 �k (81)

When ��max � �k � �max, _V � 0; otherwise, _V is strictly less than
zero. Applying the invariance principle, the solutions of Eq. (4)
converge to the largest invariant set for which

hPkc; ei�ki � 0 (82)

In this set, Eq. (23) evaluates to �k � sk�t�!0 and _ck � 0, which
implies that the particles travel in a circle with a fixed center. Pkc is
constant and must evaluate to zero. Because P is spanned by 1, this
condition is only satisfied when Pc� 0, which implies
ck � cj 8 k; j. The formation radius in Eq. (77) satisfies Eq. (75)
in Lemma 6, ensuring that the control will drive all particles to a set of
asymptotically stable circular formations with radius j!0j�1. □

By introducing a virtual particle, as was done in Theorem 2, one
can similarly establish stabilization of a circular formation with a
bounded turn rate at a prescribed center point.

Corollary 2. Consider the model in Eq. (69), where fk � � 2 R,
umax > 0, and �max � �k�umax�. If !0 satisfies

j!0j<
umax

�1� j�j�2 (83)

then the control in Eq. (27) forces convergence to the set of circular
formations centered on c0 with radius j!0j�1 and the direction
determined by the sign of !0.

Figure 7 compares a system of particles that conform to the umax

constraint in Eq. (75) with one that does not. By violating Eq. (75),
the particles do not have the turn-rate control necessary to maintain a
circular formation of the chosen radius. This is illustrated in Fig. 7a
using a bound of umax � 0:1. The particles fail to maintain a circular
radius of j!0j�1 � 10; that is, the solution does not converge to a
circular formation. Figure 7b shows convergence to a circular
formation with radius j!0j�1 � 30:6, the smallest permissible radius
for umax � 0:1, according to Corollary 2.

B. Turn-Rate Constraint in a Uniform, Rotating Flowfield

This section shows that the previous results hold for a spatially
invariant, rotating flow, f�t� � �0ei�t.

Lemma 7. Consider the circular motion of a particle with radius
j!0j�1 and flowfield f�t� � �0ei�t. The maximum turn rate of the
particle required to maintain a circular formation is

umax ≜max
�k
u��k� �

�
j!0j�1� j�0j�2 � j�0jj�j if 2j!0j> j�j
j!0j�1 � j�0j�2 � j�0jj�j if 2j!0j � j�j

(84)

The maximum steering control is

�max ≜ ��umax� �
�
j!0j�1� j�0j� if 2j!0j> j�j
j!0j�1 � j�0j� otherwise

(85)

Proof. From Eq. (14), it is seen that the turn-rate control uk for a
particle with the dynamics in Eq. (1) in a rotating flowfield,
f�t� � �0ei�t, is
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uk � u�� 0k� �
sk�t��k ���0 cos�� 0k�
sk�t� � �0 cos�� 0k�

(86)

where � 0k � �k ��t. The inertial speed sk�t� is determined by
Eq. (13):

sk�t� � s�� 0k� � �0 cos�� 0k� � �1 � �20 sin�� 0k�2	1=2 (87)

Substituting the circular control �k � !0sk�t� into Eq. (86) and
finding the extrema with respect to � 0k yields critical points at �

0
k � 0

and � 0k � 
, which implies

uk�0� � !0�1� �0�2 � �0� (88)

and

uk�
� � !0�1 � �0�2 � �0� (89)

Either Eq. (88) or Eq. (89) is a maximum point depending on the
values of �0, �, and !0. If �0 > 0, then uk�0�> uk�
� when
2!0 >�. If �0 < 0, then uk�0�> uk�
� when 2!0 <�, leading to
Eq. (84). Under these conditions, Eq. (87) becomes sk�t� � 1� j�j,
and substituting sk�t� and Eq. (84) into Eq. (86) gives Eq. (85). □

Theorem 8. Consider the model in Eq. (69) with f�t� � �0ei�t,
j�0j< 1 8 t, and umax > 0. If !0 satisfies

j!0j< �umax � j�0jj�j�=�1� j�0j�2 if 2j!0j> j�j
j!0j< �umax � j�0jj�j�=�1 � j�0j�2 if 2j!0j � j�j

(90)

then the control in Eq. (23), with �max given by Eq. (85), forces
uniform convergence of the solutions to the model in Eq. (69) to the
set of circular formations with radius j!0j�1 and the direction
determined by the sign of !0.

The proof of Theorem8 follows the proof of Theorem7. Sincef�t�
is time-varying, uniform asymptotic stability is established by the
invariancelike principle, as in Theorem 1. The following theorem
shows that stabilization of a time-splay formation is possible even
with a bounded turn rate, thereby extending Theorem 3.

Theorem 9. Consider the model in Eq. (69) with the spatially
invariant, rotating flowfield, f� �0ei�t and j�0j< 1 8 t. Also, let
U� � be a smooth, rotationally symmetric phase potential, with !0

such that it satisfies both the constraint in Lemma 1 and

j!0j< �umax � j�0jj�j�=�1� j�0j�2 if 2j!0j> j�j
j!0j< �umax � j�0jj�j�=�1 � j�0j�2 if 2j!0j � j�j

(91)

The control in Eq. (42) and the �max given by Eq. (85) force uniform
convergence of solutions to themodel in Eq. (69) to the set of circular
formations with radius j!0j�1 and the direction determined by the
sign of !0.

Proof. Using the control in Eq. (42), observe that

�k � !0sk�t�
K!0sk�t�

� sk�t�hei�k ; Pkci �
@U

@ k

!0sk�t�
!0sk�t� ��

(92)

Using the Lyapunov function in Eq. (39), substitute Eq. (92) into
Eq. (41) to obtain

_V � 1

K!2
0

XN
k�1

��k � !0sk�t�	2
�sk�t�	2

� 0 8 �k (93)

_V is strictly less than zero, except when ��max � �k � �max. In this

interval, _V � 0. This case is covered by Theorem 3. The rest of the
proof follows from Lemma 7 and the proof of Theorem 3. □

VI. Coordinated Encirclement of a
Maneuvering Target

In this section, consider the scenario of multiple unmanned
vehicles following a maneuvering target so that the target forms the
center of a circular formation. A nonrotating reference frame B is

defined for which the origin O0 is fixed to the target. O0 moves with
respect to the inertial frame I with a velocity and acceleration equal
to the target velocity. Two path frames are used for particle k, as
shown in Fig. 8. With no external flowfield, the kinematics in the
inertial frame are given by the model in Eq. (3) with fk�t� � 0.
Integrating the following equations of motion (see Appendix B)
yields r0k:

_r 0k � sk�t�ei�k ; _�k � �k (94)

where _sk�t� is given by Eq. (B14). The inertial trajectory is

rk�t� � r0k�t� � 1
2
�ax � iay�t2 � �vx�0� � ivy�0�	t

The control laws developed in Sec. III with the model in Eq. (94)
are used to assign the center point of the circular formation to a target
in frame B. The target-encirclement scenario is illustrated with three
examples. In Sec. VI.A, a target is considered that is continuously
accelerating and decelerating without turning. The magnitude of the
velocity is always changing, but the direction is constant.
Section VI.B illustrates the coordinated encirclement of a target that
is traversing a circle of fixed radius and thus constantly changing its
velocity direction while maintaining a fixed magnitude. For this
flowfield, the time-phase parameter is used to regulate the temporal
spacing of the particles. SectionVI.C depicts the velocity of an actual
target driving through an urban environment. This example shows
the utility of the algorithms developed in Sec. IV to encircle a target in
an estimated flowfield. Additionally, a turning rate constraint is
imposed on the vehicles, as discussed in Sec. V. All of the examples
illustrate realistic maneuvers of a mobile ground vehicle. In all the
target-tracking examples, each autonomous vehicle measures the
relative distance between it and the target.

A. Coordinated Encirclement of a Variable-Speed Target

This example replicates a target that is accelerating back and forth
along a single trackline. Since the target velocity only varies in
magnitude, it can be aligned with the real axis of an inertial frame
without loss of generality. This scenario is illustrated using the
control in Eq. (27) and the target acceleration

ax�t� �
� �4l

T
; mod�t; T�< T

2
4l
T
; mod�t; T� 
 T

2

(95)

whereT and l represent the period and themaximumamplitude of the
velocity, respectively. The target speed is greatest in the middle
portion of the track and slows down and reverses direction at the
edges.

Figure 9 illustrates the encirclement result of a target traversing
with a period of T � 150 s and a maximum velocity equal to 75% of
the particle’s velocity (l� 0:75). Figure 9a shows the simulated
results in an inertial reference frame. The target is aligned with the
real axis and travels left and right without turning. In this figure, it is
not apparent that the particles converge to a circular formation.
However, this is readily seen in the target-centered frame, as
illustrated with Figs. 9b and 9c. The target-centered figures illustrate
the velocity by using the equivalent spatially uniform flowfield at that
instance in time. Figure 9b shows the formation at t� 400 s; Fig. 9c

Fig. 8 Relationship between inertial frameI and accelerating frameB
for particle k.
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shows the formation at t� 600 s, when the target is traveling at its
maximum velocity of l� 0:75.

B. Coordinated Encirclement of a Turning Target

This example illustrates the particle behavior as it follows a target
performing a constant-rate turn of radius �. The target acceleration is
aO�t� � ��20=��iei2
t=T . The target has a fixed speed �0 and a
constantly changing direction of motion. Figure 10 illustrates the
results of using the control algorithm in Eq. (27) with speed �0 � 0:5
(50% of the particle’s velocity) and the radius of curvature
�� 39:79. The period of time it takes the target to traverse the circle
is T � 500 s. Figure 10a illustrates the results in the inertial frame,
showing the target track as it travels in a circle and the resulting
particle tracks. Figures 10b and 10c display the simulation results in a
target-fixed frame at t� 400 and 800 s, respectively. In these figures,
the particles quickly converge to a circular formation and maintain
that formation even as the target accelerates.

The turning-target scenario is also used to illustrate the control law
in Eq. (42), which drives the particles to a time-splay formation.
Figure 11 illustrates this example withN � 5 particles centered on a
target circling at an angular rate of�� 2
=T, a period ofT � 500 s,
and a target speed of �0 � 0:5. Setting !0 � 0:1 satisfies the
requirement in Lemma 1. Figure 11a depicts the target and particles
in the inertial frame. Figures 11b and 11c show the convergence to
the time-splay configuration in the target-centered reference frame at
t� 800 and 1000 s. These figures show that the particles converge to
a time-splay formation even as the target accelerates.

C. Coordinated Encirclement of Maneuvering Target in an
Urban Environment

In this example, the work of Secs. IV and V are combined to
encircle a maneuvering target moving with an unknown velocity.
The control algorithm in Eq. (60) was used to estimate the velocity of
the target. Additionally, a turn-rate constraint is placed on the
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Fig. 9 Encirclement of a maneuvering target that is accelerating back and forth along a single trackline.
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Fig. 10 Encirclement of a maneuvering target that is turning at a constant rate.
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Fig. 11 Coordinated encirclement of a maneuvering target that is turning at a constant rate.
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autonomous vehicles. The combined particle model for this
simulation is

_̂r k � ŝk�t�ei�̂k ; _̂�k � sat��k; �max�

A set of Global Positioning System (GPS) waypoints is used to
model the realistic behavior of a vehicle traveling in an urban
environment. The vehicle tracks were collected during a 20 min.
interval while driving through aWashington, D.C., suburb. The track
included stops, turns, and other kinematic behavior typical in urban
traffic. The maximum velocity of the target was 18:23 m=s
(approximately 40 mph). It is assumed that the optimal velocity of
the autonomous vehicles is 35 m=s. The velocity of the target and
autonomous vehicles are normalized such that the autonomous
vehicles travel at unit speed. (The normalized target velocity is 52%
of the platform speed.) A turn rate of umax � 0:23 rad=s is imposed
on the vehicles, which corresponds to a UAV maximum bank angle
of 40� [4]. Following Eq. (75) from Lemma 6, a formation radius of
j!0j�1 � 10 was chosen.

Figure 12 shows the results from the urban-traffic scenario.
Figure 12a displays the GPS waypoints on a street map of the area.
The movement of the target-fixed frame was generated from these
waypoints by converting the GPS latitude and longitude points into a
topocentric North-East-Down coordinate frame centered on the
starting location. In this frame, the distances between the waypoints
and their associated timestamps were used to determine the velocity
of the target vehicle. The target velocity is piecewise constant,
because it is constructed out of a discrete set of waypoints and does
not consider acceleration. Discontinuities of the velocity are espe-
cially pronounced when the vehicle turns sharply, as both the
direction and magnitude may change suddenly. Although the
velocity of the target is being estimated, the vehicle is able tomeasure
the relative position between itself and the target. Figure 12b displays
both the target and vehicle tracks in the inertial frame. (The distance
units are based upon the normalized speed of the ground vehicle.)
The figure shows separations in the vehicle tracks that correspond to
the velocity of the target. When the target is traveling quickly, the
cyclic tracks are spaced further apart than in the slower-moving parts
of the track. The points at which the target is stopped (due to traffic
lights) are evident by the track circle over that point. Figure 12c
shows the circular formation in the target-fixed frame for the 20 min.
time interval. This figure highlights the effect of the velocity dis-
continuities on the formation: particles exhibit a period of transient
behavior after each maneuver before converging to a circular
formation.

VII. Conclusions

Cooperative control improves the capacity of unmanned vehicles
to gather information, track targets, and perform autonomous
missions. The decentralized control algorithms presented in this
paper regulate vehicle formations in a spatiotemporal flowfield of
moderate strength. For a known spatially or temporally varying
flowfield, a time-splay configuration can also be generated. If the

flowfield is unknown, an estimated flowfield is used to stabilize
circular formations in a spatially invariant flowfield. Additionally,
dynamic circular and time-splay algorithms are derived for estimated
time-varying flowfields. These algorithms are shown to be robust to
bounds on the turn rate of the vehicle. These algorithms provide the
capability to cooperatively encircle maneuvering targets that turn,
accelerate, and operate in an urban environment, as was illustrated in
the simulations. Ongoing work seeks to expand the class of flow-
fields in which the results apply, such as flowfields that exceed the
particle speed relative to the flow.

Appendix A: Estimation-Error Eigenvalues
for a Rotating Flowfield

In this Appendix, the real portion of the eigenvalues of matrix B,
defined in Eq. (62), is derived:

����K1 ��i� �
���������������������������������������������������������������
�K1 ��i�2 � 4��K1�i� K2�

p
2

��K1 ��i�
������������������������������������������������������������
�K2

1 ��2 � 4K2� � �2K1��i
p

2

The real parts of the eigenvalues are

Re��� � �K1 � Re�
������������������������������������������������������������
�K2

1 ��2 � 4K2� � �2K1��i
p

	
2

(A1)

To find the real part of the square-root term, which contains a
complex number, observe that

Re�
��������������
a� bi
p

� � Re�
���������
�e�i

p
� � ���

�
p

cos
�

2

with ��
����������������
a2 � b2
p

and cos �� a=�. Using the half-angle formula

for cos��
�������������������������������
�1� cos 2��=2

p
, the real part of the square root

becomes

Re�
��������������
a� bi
p

� � ���
�
p

�������������������������
1� a=�

2

�s
�

������������
�� a
2

r

Substituting into Eq. (A1) yields

Re��� � �K1

2

�

���������������������������������������������������������������������������������������������������������������������������������������������������������������������
�K2

1 ��2 � 4K2�2 � 4K2
1�

2
p

� �K2
1 ��2 � 4K2�

q
2

���
2
p

which is the real portion of the eigenvalues of matrix B.

Appendix B: Particle Speed in an Accelerating Frame

In this Appendix, we develop the inertial speed sk�t� for a
Newtonian particle traveling in an accelerating frame. With no
external flowfield, the kinematics in the inertial frame are
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Fig. 12 Coordinated encirclement of a target moving through urban traffic.
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_r k � ei�k (B1)

�r k � _�kie
i�k (B2)

The steering control is _�k � uk. Let r0k be the position of the particle k
relative to O0. The inertial kinematics relative to O0 are

_r 0k ≜ sk�t�ei�k (B3)

�r 0k � _sk�t�ei�k � sk�t� _�kiei�k (B4)

The magnitude and orientation of _r0k are sk�t� and �k. Let rO0 be the
position of O0 with respect to O. By vector addition, we have

�r 0k � �rk � �rO0 (B5)

The velocity and acceleration between frames I andB are defined
to be _r0O � vO � vx � ivy and �r0O � aO � ax � iay, respectively. To
find the equations of motion for the particle k in frame B, substitute
Eqs. (B2) and (B4) into Eq. (B5), which yields

_s k�t�ei�k � sk�t� _�kiei�k � ukiei�k � ax � iay (B6)

From Fig. 8 and Euler’s formula, observe that

iei�k � sin��k � �k�ei�k � cos��k � �k�iei�k (B7)

ax � ax�cos �kei�k � sin �kie
i�k � (B8)

ay � ay�sin �kei�k � cos �kie
i�k� (B9)

Substituting Eqs. (B7–B9) into Eq. (B6) yields

_s k�t� � uk sin��k � �k� � ax cos �k � ay sin �k (B10)

_� k �
1

sk�t�
�uk cos��k � �k� � ax sin �k � ay cos �k	≜ �k (B11)

Solving Eq. (B11) for uk and substituting into Eq. (B10) gives

_sk�t� � �sk�t��k � ax sin �k � ay cos �k	 tan��k � �k�
� ax cos �k � ay sin �k (B12)

To eliminate �k from Eq. (B12), use

sk�t�ei�k � ei�k � vO; sk�t�ei��k��k� � 1 � vOe�i�k

Equating the real and imaginary parts of the previous equations
yields

sk�t� cos �k � cos �k � vx; sk�t� sin �k � sin �k � vy

and

sk�t�cos��k��k��1�vx cos�k�vy sin�k
�1�vx�vx�sk�t�cos�k��vy�vy�sk�t�sin�k�
sk�t�sin��k��k��vx sin�k�vy cos�k�vxsk�t�sin�k
�vysk�t�cos�k

tan��k��k��
vxsk�t�sin�k�vysk�t�cos�k

�1�v2x�v2y�vxsk�t�cos�k�vysk�t�sin�k	
(B13)

Substituting Eq. (B13) into Eq. (B12) yields

_sk�t�

�
�sk�t��k � ax sin�k� ay cos�k	�vxsk�t� sin�k � vysk�t�cos�k	

1� v2x � v2y � vxsk�t�cos�k � vysk�t� sin�k
� ax cos�k � ay sin�k (B14)
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